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XXXVI. Properties of the Conic SeSlions ; 
deduced by a compendious Method. Being 
a Work of the late William Jones, Efq; 
F. R. S. which he formerly communicated 
to Mr. John Robertfon, Libr. R. S. 
who now addrejfes it to the Reverend Nevil 
Mafkclyne, F. R. S. AJlronotmf Royal. 


S I R, 

Read June 34, XT OU well know that the curves 
» 773 * j[ formed by the fedtions of a cone, 
and therefore called Conic Sections, have, from 
the earlieft ages of geometry, engaged the attention 
of mathematicians, on account of their extenfive uti¬ 
lity in the folution of many problems, which were 
incapable of being conftruded by any poffible com¬ 
bination of right lines and circles, the magnitudes 
ufed in plane geometry. The properties of thefe 
curves are become far more interefting within the 
two laft centuries, fince they have been found to be 
fimilar to thofe which are deferibed by the motions 
of the cceleflial bodies in the Solar fyllem. 

Two 
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Two different methods have been taken by the 
writers who have treated of their properties} the 
one, and the more antient, is to deduce them from 
the properties of the cone itfelf} the other is to con- 
fider the curves, as generated by the conftant motion 
of two or more ftrait lines moving in a given plane, 
by certain laws. 

There are various methods of generating thefe 
curve lines in piano } one method will give fome 
properties very eafily} but others, with much trouble: 
while, by another mode of defcription, fome pro¬ 
perties may be readily derived, which, by the for¬ 
mer, were not fo eafily come at: fo that it appears 
there may be a manner of defcribing the curves iimi- 
lar to the Conic Sections, by the motion of lines on 
a plane, which, in general, {hall produce the raoft 
eflential properties, with the greateft facility. 

That excellent mathematician, the late William 
Jones, Efq} F. R.S. had drawn up fome papers on 
the defcription of thefe curves, or lines of the fecond 
kind, very different from what he gave in his Synopfis 
Palmariorum Mathefeos , publifhed in the year 1706 - r 
or from that of any other writer on this fubjedt. A 
copy of thefe papers he was pleafed to let me take 
about the year 1740. He had not finifhed them as 
he intended; but, in their prefent ftate, they appear 
of too much confequence to be loft} as, it is much 
to be feared, his own copy, together with many 
other valuable papers, are} and therefore, I am 
defirous of preferring them in the Philosophical 
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Tranfa&ions, in the manner I at iir-ft tranfcribed 
them ; although, I am aware, they might have been 
put into a form more pleafing to the generality of 
readers : I have indeed annexed larger diagrams 
than what accompanied the author’s copy, in order 
to render the lines more diftind, as all the relations 
are to be reprefented in a Angle figure, of each 
kind* 

Mr. Jones, having laid down a very fimple method 
of delcribing thefe curves, feems to have been de- 
firous of arriving at their properties in as expeditious 
a way as he could contrive; and therefore he has 
ufed the algebraic method, in general, of reducing 
his equations} and-, on fome occafions, has ufed the 
method of fluxions, to deduce feme properties chiefly 
relating to the tangents; and, by a judicious ufe of 
thefe, he has very much abridged the fteps which 
otherwife he muft have taken, to have deduced thje 
very great variety of relations he has obtained: thele 
he intended to have arranged in tables, from whence 
an equation exprefling the relation between any three 
or more lines of the Conic Sedions, might be taken 
out as readily as a logarithm out of their tables; this 
he has only partly executed; but it may eafily be 
continued by thofe who are defirous to have it done, 
and are fufliciently acquainted with what follows. 

From the Houfe of the Royal Society, 

April 29, 177-3. 


The 



The description of Lines of the second 

kind. 


T ET the right lines ad, a<^, be drawn on ajtfanc, at any 
^ inclination the one with the other. See Pi ate xtr. Fig, *, 
3 * 

In ad, AQj, take Aa, am, of any given magnitude, and 
draw mm parallel to ad. 

On the points a, a r let two rulers ap, *p, revolve, and cut 
Mn t , a<^, in n and fo that AQ^be every-where equal to 

M N-» 

Then fliall the interfe&ion p of the rulers defcribe lines of 
the fecond kind, or curves of the firft kind. 

Where the right-line a a, is the ftrft, or tranfverie diame 
ter. 

The point c, bifecfing the diameter a a, is the center. 

The right-line Pd, drawn parallel to a is the ordinate 
to the diameter a a. 

The part ad, or cd, of the diameter, is the abfdfs, when 
reckoned to begin from a to c, or from c to A, 

The right line b b drawn from the center t parallel to the 
ordinate pd, and terminated in the curve, is called the fecond, 
or conjugate diameter. 

Thofe diameters to which the ordinates are perpendicular, are 
called the axes. 

And am is the parameter to the diameter a*. 
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The properties op Lines of the second kind. 


I. put Aa=d=2AC=2ti Bi=f=:ZBC=2(i AM~2j>; PD=_y> CD=:x} AD—U. 


Then pd =£xaD a. 


Or ^-X± tt zpxxzzdzftqpt- x* r 

For pd =iIL*iL£=iS££f (by fim. a s). Th. ^=— x ad* 

MW A M * 


Aa 


A# 


2. Confequently ■^yy—±.tt^-xx-=.dHr%.uu~±.\Adr$.xx, 

3. Hence u'zzxit. 

t 

4. And pt= a, or tpdzzSi’, for when _y=r=f£, then *=0. 

c. Therefore—=-^—=^=^=^=^«-=-= 22 !. 

^ ad« zSzif+xx t d dd tt dd it AC * 

6. The curve line whofe property is yy+t-uu — 2pu—O y 

(where the abfcifla begins at the curve). 

Or yy + —xx- — cc—o, (where it begins at the center), 

is called an Ellipfis. This curve returns into itfelf. For when x~o> then y—C‘, 
and when y—o, then x~U Which can happen, but two ways* 


7. The curve line whofe property is yy— 2 -uu— 2pu~ 0* 

Or yy~-~xx+ec—a> 1$ called an Hyperbola. This curve fprcads out infinitely. 

For y increafes as x increafes; and has four legs tending contrary ways: for xx % or 
yy y may be produced as well from —x, or —y j as from ^x y or +y. 


8. If the point a, is fuppofed to be at an infinite diftance from a, fo that a ruler 
jtv moves in a parallel pofition to ad ; then rs yyzz 2 pu y or yy— 2^=0, the property 
of the curve defcribed, and is called a Parabola* This curve fpreads out infinitely ; 
for y increafes as u increafes* 


9. Let 
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9. Let A a, rp t be any two firft diameters j si, Qjf t their fecond diameters. 
Plate xiv. Fig. 4 . 

Draw the ordinates pd, qb, to the diameter A a, and the ordinate p d, to the dia¬ 
meter b b. 

Let pt be a tangent, and pm be perpendicular, to the curve, in » j PT cutting a a, 
b b, produced, in t, f j and pm, in M, m . 

Put the fubtangent dt == s, dt = c. 

Let at = r, PMEir, ce == w, ct = q =: *rfcrss jfsfcp. 

Put s', s', ~ line and cofine of the angle mpd, or angle p/wb, 
r zs. tabular radius. 

Then CDT = xszzzt + uXszz- yy — —yy = ± tt =p *x sz u X dzpu — ad a* 
_ P “ 

For iixt+u — (^~yy — ) *yj. Therefore (^- — ^) — — — (by fim. as). 

V P \y x y 

And cit — ya — $-xx-=. — xx^szcc+yy =ndb. For (—=) — ~. 

4 tt \y x • 

JO. Hence ac* = tt zzx*x±s ~xxtztz"r ~xq — dct. 

11. And zzcc—yxy + x—yxctzzdct. 


12. Confequently —y — -—-= — 

B dm dzcc y cc 


A C 



13. Alfo CE t =ltW=(DT 1 X^-=DT*X— = )ADg=:CDT. 

P D Z AOdl SJC 

14. Therefore ae<t=/£JL x ADa zz— Xsxzz) ##:=cd\ 

Vbt 1 »» 


15. And qje* 



In 
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Ixi the general fchemes. Plate xw and Fig, 5. Plate xi 

j6. Let A<7, b b 9 be the longeft and fhorteft axes. 

Draw c $ perpendicular to the tangent pt* cutting It in $. 

Put CP = T; CQJZCi czzzq. 

mu /ctXCE rr /y N tc acXcb 

Then -=— X —=:) —=—-. 

\ cq^ yy < c c CQ ~ 

Hence the parallelogram, under: the two axes, is equal to the parallelogram under any 
two diameters, 

17. Draw the tangents an* an f to any vertices a* a, meeting any diameters vp $ 
qjr, produced in v, v 9 and v, u 9 and the tangent pt in N, n* 

Then av = if. And ay= Z 

18. Alfo cu = (”**$=) e Z And cy= fSH iff = ) II. 

V y \ CD X 

19. Hence pv= (cv en cp-) tx ifff. And pyzzr x^if. 


Alfo quzz (cucbcq.= ) cxt^Z. And ou=cxli?. 

y y 

20. When a a and &b are the longeft and ftiorteft axes; and when y—p. 
Then **=«,=?= i-yy will become ttzfzpt =z.tt =$zcc t which call ff. 

And ci» = *, will become cf=c f—f* 

The points f, f % are called the Focii. 

2 r. Hence af —af— dfc* rp/j, a/= atzzt+f. 

22 m Alfo ce* Z=ff =Zziztt + C£ — ziZtt=ppf+ 

And in the ellipfis, ac* = (bc*+cf 1 re) bf*. 
in the hyperbola, cf* = (ac* + bc* = ) ba*. 

Hence, a circle deferibed from b, with the diftance ac in the ellipfis, or from c, 
with the diftance ab in the hyperbola, will cut the axis aa in the focii f, /. 

23. Draw 
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*3- Draw fp, fv, from the focii f, f y to any point p of the curvet and draw 
the conjugate diameters p p, Q j. 

Put PF=zi p/=o; Pcr=Tj <*c = c; £—<f t y=y- Then 

p/* —vv—yy-\-xX-\-2xf -f- ff ~tt-{-2fx + ~~xx—T:T-\- ff + zfx. 

PF* —W=.yy-\-xx— 2 xf±ff— tt — zfx + ^jr* = TT-h ff — 2 fx. 

For yy — (— xtt v>xx xttcnxx. 

\tt ' tt 

24. p f—v=z (\/tt+ifx+^xxTz) t+Lx — t + 4>x — 

PF ~ z — tt*~zfx + £Lxxzz) t — i-X — t — fX— H-pL . 

25. PF ± p / = « + V = xt = Aa, 

26. vf*+ pf* —vv + zz — 2yy + 2xx + 2ff— xtt + xffxx r : 2TT+ a ff 

27. p/ - *— pf* zrw — zx'rt^fx — » + *X»—z = i/xi' + z. 

28. FPf=ZV = ZX2t^Z = Ztz =PZZ — tt Ui^fXXZZttViXXX—XX 

ff •—4 —. " X 

2 cev>zz-yy = — v* 4 —- ce + eq 
re " re" // ^ 

Z= CQ_* =CC = TXr, 

29. Let «» = /*-» = »**■><=: ^ — 9 *— ±i©^=|z 

sr . = — *Jttqzcc s= x/tt^pzv 

*/ ec+ff * _ 

= V« ? cc = \fff+cc — zv, 

f fa 

$o. Hence * z= — £zz$x~ ——* ar 

And £ :r f x :r ~x — 

•/ 

25 z 


Vox. LXHI. 


Jit A6 
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3 i. Ac=t = lz±lv-'±=s/cc+//-£?.=— 

r m S/ceznyy 


=L*Jsx = \J X xTUTs - /+^>+4/V _ yy + + 


2 P 

32. cn zzTd t =xx* • -" 


2 f 


4 / 


+ ##. 


CCS 

-ff+cc 




Xtc + yy 


” _ ,. „_ y/ _** «« tt 

Xccyy~ti-t-—yy —— ——mm 
tc cc JJ <p<p ff 


cc-\-ff tt *- // —*- 771 * 

z=.—fU-mm~ T x // qp zz/=_ X« zp cc=iiJ 

Jj JJ _ // £ 1 

t 

* y } - 

: | = 7 ^ »i*=\/«+i« — 1 § 7 ) ? 


// // / t t* - 

— —XZV — —J'»=— XZV — — yy—— xt 

« tc L p yy ff 

—II — ■».* __*/ 7 ?'* 

_—x -^ ‘I— J 

_< 4 ..ss 

—-zz x ** -t-— w?r —■ 


• 00 

-7 X — 9 T 9 IV 
C 4 RR 


33. And * = = 

/* «* n f f 

34. PD l s Qd'^yy^zLsxrz c -fsx — e -lx ± tt =p xx = ±u^: -. 


tt 


XX 


tt 


~ stpt + ~-XX ZzlZlurp fSitu *:£L X =tttq= 

* t tt tt 


xx 


cc 


-jjXZv-j-xx-j-xcc — '-fxx^xzv — cc 

~lf nn ~ff ”” ( putt ' n s »»=*»—■«) 


cc 


mm _ttvw—~(* tt $ $ sV 

zrer :p — X —?rw=r-— 

4 / Cf RR RR 

*<. And f - — *** - tcx * - t** - P*± 

4 V: "y~ fy ~ fy ' 

36. Alfo ^yyzzzv — cc-ilLxtr^Tx-ziff^; £Lxx 

jj tt 


tt 


tt 


^ nn—ffzp mmzzcc—cc. 


37 . P C 


3 
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37. Pc'rTTr^jn+^rjf^i cc qp— xxzztt—ff + £L x xzz ce + <pp x ;v 

ft tt 

zzcc + tt&zvzzcc + mmzzcc + tt&cc 
zztp + <p<pxx=2cc+ffv)zv = 2pt+ffv>zv. 


38. And -(M* „^ OJ> = )ffjj = . ffyy^ 

T */Tf+QpXX V T fX ptT cc T* 

39 Alfo cqj' + cp* =(cc+tt=) a+cA 1 . 


40. 


CT —q — — — (ttX.J— —\ L-— —£L 

x tm m tvsx njttcnivv 

it 

y n */zv — cc 


41. And qzz 


qx _ qqx 
x it 


fw) ~wy 

ccx ptx 


ttX ,r V 

— — ( f or » = ?*)• 


42. AT” (±CT =p CA = ) dz — q=/ = -X± / =p"x ~ ±l£L 

X X fft 

aT— (cT + cazr) ~-\rt——Xt + xzz—+t ——— 

' x x m tents 



43 - 


FT” (± CT =p CF= ± IL ZF f- * fL*I HL\ - 

771 771 / 


/ «W« 


01 


1 H J m w&t m x 


On deferibe a circle, draw the tangent to', and draw CPV 
Continue dp to p\ and at right angles to to', draw FR', 


Then fr' n -^L 

^=( 


T 

CT 

A - A/* 
CT 


xcp' 

xcp' 


r j?» , _% 

=—X/X —~) z = FP. 

t*v ^ x x - 

=- r x<x-=)t.=/ p . 


Z z a 


44 * DT 


+lfc 
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44 - D T =s ~ tyy - ttyy - ~ + xx - tf!n , 
px ccx x fm 

^ pxx c cxx _cc+yy cmm 


ty tty 


fn 


45. an= f— XATrj — xt — x~L x f—m. 

\ CT ux n J 

/ c / > c?n —;—’ 

anzz { — x a T zz ) — x t -j- x. 

\ ct nx 


46. m -ir^ = ^l x Z x A^A x —,-A x j. 
T \ pc t x n nx nm 

_ _ /< 


UNCT C/ 


a/zv — ccXa/(1 — kh 
cc 


Xf- *Jtt' 


-zv 


■m 


47. AD = (± AC ip CD ~ dz t 


LL-) Lx dzfzp in 
/ J f J 


a\>- (ac+cd=< + -~=) L x /-f 


m. 


48. Produce pf, pf, fo meet the curve in n, ft; 

Draw H A perpendicular to a a. 

Put Fn — z', fit =0', FAr* 1 , 

Now, fd ~ (±cf + cdz) ± f =p * = ± f =f —’=-* cc 


f / 


> - „ tm t*v — cc 

/D-/+y = -—• 


Then fa 


= *' = ( C A—.CF=) y—/ = (~X* — *'—/ = ) 


—/« 
/ 


/ A =/+ 


/«> /<z> — re 


/ 


49. From 
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49 * F f om f, f, draw FR, fr, perpendicular to the tangent pt, aud cutting ifc 
Mi R, r. 




CT 


t "f* (px 

fr zz x' ~ f rXc Z — ccv — cqJ 
j CT c ~V“ 


c V a*:; V it z«— 

c \/‘— 9 x . t \J > /z _2 i 




»/ — * / 


. - =v* 

V 




2 /-<Z> 


• y» 

a zz —-—. For 




t-~tpx 

**=—. Th. 2aa = 

\ <v v 




^ /AT X RF s ttnx ttn K lxtn K jx 

50. tr=(-=-=) 

Van m c /ca: fx *v tn *v 


T r 


^ flT Xr/ _~tn K j*v 
~ «» m y % 


514 Draw PM perpendicular to the tangent pt, meeting the axes Aff, in M* ???*- 

/PD X PD \ ccm __ CC JTrr T. — cc _ P „ 

dm= ( -—.n --v/r d= zv——x~+-x 

\ te* yv // ** / 

S p cc\/.. tt 

— p Z^Z U ***" —"Y r / Up 7 T 2 T* 


rj£ 


■Aw: 


!^=‘-L*J^7c=:lLy = ±y. 

\ DU 1 fc CC tC J /> 

52 , CM- (CD + DM=^+ £* = ) t L^Jl X -£L x -£* 

— =f ~%v—— x / =f *=— x V** =p “ ,r *’ 
c*» = (4» * c^=~^ =F 7 =0 -^-Ln-L^v-cc 


33. FM 


— (CF to cm —ftn £^ — ) yX( qp m—£~.zz ±.f - 


ff 

~—x. 

tt 


/M= (/c+cM=:/+^!=)^Xi + »=^p=:/-fc^ 


_/ v . 


//, 


54 -. F* 
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54* J?=7?= (7*+«*=) ff+£n=£i!s:£*<x. 

J S f f f f <c 

, \ , /« tiVifm ^ ff 

£$. am=t ( ac cz> cm zr) / =z rr/ tn^Lx. 

>* v it tt 

«M = (*C + CM=) /+ /f_{£i7*_ /+ 27 x> 

/ / // 


56. TM= (TF + FM = ^+^ = ;^-^-£f 
3 V m t J tm x x 

tm- (ct +cm =£+£=) 

n c cm y y 


57. PMrvz [ - R - X ™ r:) ~\fzvzz— czr-^c zz—*Jtt cn p z ,y* 
—-A/i +<Px xt- <pxzz“xl-x——'Jce + jrj 

\^ + 7 w ZTy V c 4 +,//>/ 

zz—sfztz zp zzzz\! %pz =P Aaz. 

* / 

ymzz'x z: r) —Vz^rz~czr—cr:—V// c/>pp*,v 

\ DM r C f c 

—^-\Jt + <px x / — 7* —-i-\// 4 c/d ffxxzz—*/cc-\-yyyy 
f 4 -J~ ffyy—~sl 2 tz qF zzzz\/~z qp 


58. MW~ (P« + PM =4 q=JL c =S ) * l ffr /5 C Zl — *tzV+ 
J c t ' ct it 

zz tt cnQpxx. 

ct 


59 • pt: = t: 


^pdXpw; 

l DM 


—c~^J 


XV - 


// — *v 


’ cc xzvzz—c. 


/* 


F/ 


= - tt «x«». 

f* C* _ / q= g 

■\ /ptXp^ x /» \///— /V 

rzr =Z f-r=) —c=V-Xti*=i-c 

\ DT » «V—* ff 4* 

ZZ~CZzim*/tt — 

9 £ 


60. TM 
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6o. TN 


/ftXta no t \fc < 7 * —* co —— 

l ^ — X — X/co/»X — — ) — X f — X t co x 

\ dt /a *«. /»» mn J xy 

ptXt* n c / : t t— fm . fc -- re- 

~ — — X - x/+« xj-= ) L- Xf+nzz -X /+x 

dt m nt t tin mn x v 


/pt Xt« n c r rr— fm s f c re — 

T«~ (-zz X — x/+WX y —=: ) Xf+mZZ —X /4- 

\ dt m m J tnn * mn J v xy ~ 

, /ad X PT / 7- »c fm v c - rc r 

OI. P N rr [-—zz—x/c^^X—X J -=) —X/co m s —X / 

V D T f m tnn ' n J ty 

( a dXpt / z~— »c fm .c - rc - 

-JT" =v */+ "x » x 7^=>i“ x f+’=T } *<+* 
6 a . PK= /rL~S =) ”“ = »Vj=Vix*~<=^xVf 

= -;x \! t ~ < P x —L x xy 

/fTX/Ma 8V * /v_* ■ ■ . .. f a/*V f 

* r =( t~=)T=”V~ V- X zv-cc^L x J, y-—J- X 

A ~ / pt X tc ntt tt il zv — ct fytt —^ J/ 3 

3* TM /«—*« a>« wee 

. , ntt no % « —.» _*m 

64. P S = (T { ?TP=-T-X)-X»¥CC X «>*--- 


65. T/ = C 


ptXc /_ 0 c 




0 *» ' mn 

-i£ c =^ 

xy xj- 


tt -KVX %V-~CC 


•V ' tt—fL* 


, /ptXa v 2 /c ar 2f./—' 

5, Nrt rr f --Z->=r— c ass—v«v»=t 2 / V *•** 

V » T ' « J J *“£=77 

From c and draw cy and f*, perpendicular to p/ 

Put pi - Aj 2 ~ r<?-fine of the a/p ; R zr tabular radius,, 
_ t „ /cfxfo tv—cc — \tv— cc /£ \£ f 

Then/,=(-^/-= -7 —)—=(t«/Jt 

Ao4 ,/=,=-j— -j- 

—J 
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».« 5S hcz ( ~ KZ ^" V ' V T. *££ — = fcTT =p ff - =*- gs V K . 

\ 2 *y v y "“V 


2 // __ 


~P =F Z. 


d= A =P « p —£ 

Hence A —-r-x v; «y = zr r . -~i * == -- x *> 

r *+«y -+- * <v—p 

Therefore £ is lefs than, equal to, or greater than ± h =f £, in the Ellipfis, Para¬ 
bola, *>r Hyperbola. 


6.7• Draw making the 4PWft= £ j>cm, and cutting PC in>. 

rT , l /pMXr#* *ce tf--&<pxx 

Then p/a = f- J =■ - r ^- —-—. ■ — • > - 

> PC T V// d= cc Vrc + PP#* 

zz p = | parameter to pc. 


68. Let pO be an ordinate to the axis a a* at the focus#. and$G a tangent 
to the curve in 0, meeting a*, bc, an, an> in g, g> s, s+ Then 


r= S/ii v af <7 =V^ 


r£ y ££_/*/ ^ 

— X <TC — / / / — P 


zz f parameter to a a . 

_ */ ffdhct it _ 

69. CC- f - f - V/ — ^ 


Xt—jP 


70. FG = (CG CO CF = 'i. CO/ —* 1211 / - " = ££ 

/ / J f f /• 

71. Draw ph parallel to Aa; and oh perpendicular to A a, meeting, PH, pt, 
in h, h; then 

.« / / 

PH=J 0 G'= , (CG CO 0 C —)jr V>X~y- X ZZ y x PF. 


7 a. T 6 
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7*. n = (ct » co =•£„ ‘j x /W =) ^ x =j£ „ j^T. 

73. oi=(i^S = £:x^x 7 Sx^=ixj(W=) 

“■ X 7^=-~= x 'fZ3 

fy J v zv-—cc f 

74. Ji = fHK£2=)£c='-Sc=xx\/IEII = £? ✓*„. 

V DT » /jr t&V—CC fy 

75 * ~ (p b — pr = ) — — — zz — x cc— nn zr) 

<7 r* «, n ' 




c #c 


® c v*o;—fc-j-av yy c 

76 . vh= (V^+^=)-= 7 =====—= 42* 

' vv -r ) # /> /> 


77. Let de be any Ordinate to the axe Aa, cutting the curve inE, and the focal 
tangent o o in <r; 


/P»+tO ff (* /_, „ 

Then d®-= (———=— x — x — =) z = fp = fE. 

\ fo tfee 

7®. Therefore as= afj «j r <7F; eg = ca; byfim. AS. 

79. df‘ r (d» j —D i ^ r:0o•+DSXDa•— d£=t) PcXeS. 

79. Let the tangents pn, p l, to the oppofite vertices p, p, cut the tangents an, 
<?», to the oppofite vertices a, a, in n, », i, /. 

Then P« —pi.', an ~ al ; pn — pi ; AN ah 
For the Trapezia's pc«», pc At, are fimilar and equal; 

And fo are the Trapezia’s pc an, peak 
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81. pfxm/=^x»*=)p/xmf-/xfp/. 

82. CEQ^rr (xy~) cwricD -DMXi/w. 

83. AN x an - c ~- — an x ad^ac x PD=Dc/=:r>Ai. 

84. rp r zznn zz tp$. 


85* rt r zz f ^ x tt zz*l —— xttzz) at a. 
\mm xx ' 

oc r / tnz f*v ft n c % 

86. RT/=[— X— ZZ J — X — zz) CTP =rr TR. 

\ C. /» mm 

87. NT nzzf £ x ff&mmzz)-££^zzPTf m 

\mm nn ' J mm J 

88. PNXCBZp -Zi c —) ANXC q. 

89. CAV= Ctx~—— xy — ) CTXPD. 

90. PRi =/£££?= )^V 

\ GC 


Hence f£ is perpendicular to fp. 

91. VMfzz^x^=)%xzv-t£xcc=£xZ£ 

92. AMa =ftt — } cc x ff x zv 

\ tt'tt 

- CB * + f~ t X Cc£ = CB* + EM/1 


93* 




COT 

at/ 


95 . £ 1 = 1 * 0 *=/*. And £I=JL = ±E = £I. 

ct t ac OT i*\~x aD a r 

96. —=lf = > =S. And 22 = 2 -" 

F« // / —. fjji f CF 


97. fm /_^ y~ - < + fXf — ( tt ~ t P —) ini=:—. 

PM* « « _ V ” /> GB l 

98. Let pm, the perpendicular to the tangent pt, cut the axis A a in M; and 
/p, produced, cut fr in $• 

Then will pm bifeft the angle fp/. 

For p f x ufzzvf x M F. 

99. And the angle fpt is equal to the angle fpt. 

For /.tpf + /.fpm =/.#P/+ z./ pm. 

100. Therefore pt will bifect the angle fp? 1 . 

For /.pPT — ( /.fvtzz ) /.fpt. 

101. Confequently pp=PF. And R?=RF. 

102. A circumference of a circle defcribed from #> with the radius fN, will cut 
the axis a a in the focii f, f. 

For tmxt# = tfxt/, 


A a a a 


103. A 
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103-. A circumference of a circle defcribed from c, with the radius ca, will cut 
the tangent ?T in R, r. 

Whence the perpendiculars re, rf y . to that tangent, will cut the axis Aa 
in the focii f, f* 

For TR XTrrTAXTtf. 

104. A circumference defcribed from B, with a-c, in the Ellipfis^ or from c, 
with ab in the Hyperbola, will cut the axis a a 9 in the focii f, f 

For, in the Ellipfis, itzzcc^ff % or ac^zt (bc^+cf 2 ^) bfV 

And in the Hyperbola, ffzztt + cc y or cf 2 = (Ac a +BC X = ) ab\ 

105. Let coproduced, cut pf, p /, in z, x ; draw mz 3 mx y and MZ, MX, 
parallel to them, cutting pf, p f in z, x. 

Then f* = cr = c a = p z === /. 

106. Hence Z.P xz — Z.P zx; and jLmxz^ z.mzxi 
For p m is perpendicuiar to zx . 

Conlequently, the angles p zm, p xm \ pzm, pxm are equaL 

107. And the triangles p zm> Yxm, are fimilar and equal: 

And fo are the triangles pzm, pxm. 

Consequently, the trapezias vzmx y pzmx, are fimilar* 

10S. Let cr, cr, cut pf, p/, in k, h 

Then ck= ZvfzssYkzzkr. 

And ck s= |pf = pk= rr. 

109. Alfopxtep?= f™ x — X/ = ) — .ss.ftizz.) p. 

y \?m t re ' / \ r ' r 


no* The 
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no. The Trapezias fgAr, pdfr, frt c, are fimilar, and confequently their 
correfponding parts are proportional. 

That is, { PD « Rp [ 

[ fr zz rt zz 7c"' zr c/J 

For the triangles rf 4 , rpf, and f£g, fpd, are fimilar. 

Hi. The Trapezias c$pd, ,/cmp are fimilar, and consequently their correfpond- 
ing parts are proportional* 


That is, 


c £__ £P P D DC 

/C CM """*PM P 1 - 


H2. And CR y cr, are parallel to p f, pf, and equal to ca- 
For rt/ — ctp zz rTF. 

113. Let 2' = fine of the z./p/, or *tpf ; R =: tabular radius 
Then ±=r-f = )± = ^' 


Then JL = (*-L = )± = ^' 

Z' \fr ‘ c c 

Put 2 rsfine of the apcq^, made by any diameter and its ordinate;. 

Then^iZ/iViT 7 ^?. ^=iFF+ViF*»^. 


1,14. Let the parallels pfii, c£r, />/** be drawn,.cutting the curve in n, 0 , and 
ordinately applied to forne diameter (2 t), whofe parameter is 2 -w, and femi- 
conjugate c 0 zzxi to which p*r is ordinately applied at K 

Then c>= (*l±Zl=U±* 2 =) i *+ | z '=f Pn = 

V 2 2 2 V cr 7 AC / / 

1x5. cjS =. (I ACXPnr) §1 Xx+* zz ^AC x — = ) =~-zz. 

F r * ED _ tx — ec g A 

11 ipn f A cr — /»' /— 

117. PFnz-^-: zz|pxa+z x zz§/»XPn^ 


117. PFn = -— 

' 2%—p 

l l$, p n zrz + z'zz - 


2 ZZ _ 29 PT 
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CB* —U~pt—±:tt + ff— dzt =F /x/ + /= AF»=VAU=:iC^=CF© 
= PM X C«-=FR.X/V=:ANXtf»r=tf/X AL = AC XF<J>=/#X — 

y Vi 


.PM 
? m 

:»X™=»X J *=//X?=»x5=»x5=//X r i 

dm C q^ ADtf TDC C/» 


DC 


~ A Ma-FM/= FP/- RPr =// x -JL 

AC / PN | /-—■/ 

—TT -f- cc — ttzz~- x Z'Z/Tf-AA' — |z-v d= a/| z 2 ‘v z ffyy, 

XX 


CQ^ = CC=T X T = MPOT=NPK = TP/=:FP/rrCP«=rL/>/ 


PNX/trcD xTMrrPD xtm—— xvm'—— x vm —— xfm 

. " ff 


-—- a --v.a 

// ~ *“/ A CB —X , _ -x 

zz — XFM/z:—XMW —- zipm+fm/zibc +RPr 

ff ff c £ I 


~//-f fC 


_ ff tt , rr 

— tt-// — z^—xx r: —yy-f— 

// f<T // 


__ DC 


■##•=- X PT . 

DT 


CF — ff — tt CCZZtt tpZZ—Xt P~~ Xw ^~P§XT t 

_ tt r _ cc ~7~~i mm _ r mm 

— — xfm/-— x frn =—XFT/r-XNT«. 

ec ' cc y cc ^ cc 

The femi-parameter (/>) to the greater axis (a#) is equal to 

r<b~pz~ AFa — V ^ U ~. CFG —ted _pfII__pm x 

AC AC AC AC {pll~ AC 
FR ^f r _ AN Xctll _ AC XPM AC X DM_AC Xdc _BCXPM 

ac ac pm dc dm ~~ c<^ 

_ EC Xco^__Bc"__rr_ ttyy ± tt q= ff _cc — %y vy # 


pm 


ac 


XX 


CC -f* TT tt CC -\-XX — tt 2t — Z a 2t — V —a 

=-:-=-X/=« -— X FR - x fr 

t XX /.* tv J 

The femi-parameter (p) to any diameter (p p) is equal to 


v*zz 


_. C < XS _CC_ MP m _NP n _TPt _?yf L pi PNXpL 


PC 


PC 


PC 


PC 


PC 


cd X tm_pd Xtm _pt-Xpn_// pm 

PC ~~ PC PV CC X PC 


PC 

cc p w z 

: rrx- 


tt 


PC 


__ CC fm\_tt „™f tt + CC -TT rc T xrnr Vttm 

r= "77 x —* rr~— x —~~zz-~ -• [See Tab. XIV, XV.1 

ff PC ff PC T L , - 1 


XXXVII. An 

































































































































































































































